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ABSTRACT. This paper deals with a competition model with dynamically al-
located toxin production in the unstirred chemostat. First, the existence and
uniqueness of positive steady state solutions of the single population model is
attained by the general maximum principle, spectral analysis and degree the-
ory. Second, the existence of positive equilibria of the two-species system is
investigated by the degree theory, and the structure and stability of nonne-
gative equilibria of the two-species system are established by the bifurcation
theory. The results show that stable coexistence solution can occur with dy-
namic toxin production, which cannot occur with constant toxin production.
Biologically speaking, it implies that dynamically allocated toxin production is
sufficiently effective in the occurrence of coexisting. Finally, numerical results
illustrate that a wide variety of dynamical behaviors can be achieved for the sy-
stem with dynamic toxin production, including competition exclusion, bistable
attractors, stable positive equilibria and stable limit cycles, which complement
the analytic results.

1. Introduction. The chemostat is a basic resource-based model for competition
in an open system and a standard model for the laboratory bio-reactor, which plays
an important role in the study of population dynamics and species interactions (see,
e.g., [14, 27]).

The study on the problem of the influence of toxicants both on the growth of one
population and on the competition of two species for a critical nutrient has received
considerable attention in the past decades (see, e.g., [1, 2, 5, 11, 13, 21, 22, 18, 19, 20,
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28, 30, 31]). Particularly, there has been a lot of interest in the so called allelopathic
competitions between species (see, e.g., [2, 5, 16, 21, 22, 18, 24, 28]). Allelopathy
can be defined as the direct or indirect harmful effect of one species on another by
releasing a chemical compound into the surrounding environment[25]. Allelopathic
competition occurs between algal species[16], algae and bacteria[28], bacteria and
bacteria[3], algae and aquatic plants[24] as well as plants and plants[2]. Several
experimental results concerning bacterial competition show that the production
of allelopathic chemical compound depends on the concentrations of populations
through a quorum sensing mechanism [3, 12]. As a consequence, a general mathe-
matical model was first proposed in [5] to model such a mechanism. In [5], the basic
assumption is that the chemostat is well-stirred and the weaker competitor can de-
vote some of its resources to the dynamically allocated production of an allelopathic
agent (which is also called anti-competitor toxin or just toxin). Dynamically alloca-
ted production implies that the effort devoted to toxin production can be adjusted
to reflect the state of the competition. For instance, if there is no competition,
there is no resource devoted to the toxin production. The numerical examples in
[5] show that some new interesting dynamical behaviors occur, including stable in-
terior rest points and stable limit cycles, in contrast to the model with constant
toxin production. This suggests a possible mechanism for coexistence. Rigorous
mathematical analysis of allelopathic competition models with quorum sensing in
the well-stirred chemostat-like environment can be found, for example, in [1, 11, 13].

Our goal here is to explore the role of the dynamic toxin production and spatial
heterogeneity in the competition process. Thus we remove the well-stirred hypot-
hesis and consider the following chemostat model with dynamically allocated toxin
production and diffusion

1 1
StzdSm—n—aufl(S’)—n—bvfg(S), (0,L),t >0,
1 2
up = dug, + aufi(S) — cpu, x € (0,L),t >0, (1)
vy = duge + (1 — K(u,v))bvfa(S), (0,L),t >0,
Pt = dpze + K(u,v)bv f2(S), (0,L),t >0

with boundary conditions and initial conditions
Se(0,t) = —=S%, Su(L,t) +vS(L,t) =0, t>0,

uz(0,t) = uy (L, t) + vu(L,t) =0, t>0, )
vz(O t) =vy(L,t) + vv(L,t) =0, t>0,
p2(0,t) = po(L,t) + vp(L,t) =0, t >0,
S(x,0) = So(x) >0, u(z,0)=wup(xz)>0,#0, x €0, L], (3)
v(x,0) = vo(z) > 0,£0, p(x,0) =po(z)>0,£0, x€][0,L]

Here S(z,t) is the concentration of the nutrient in the vessel at time ¢, u(z,t) is
the concentration of the sensitive microorganism, v(z,t) is the concentration of the
toxin producing organism and p(x,t) is the concentration of the toxicant. S° > 0
is the input concentration of the nutrient, which is assumed to be constant. L is
the depth of the vessel, v is a positive constant. d is the diffusion rate of the che-
mostat, n;(i = 1,2) are the growth yield coefficients. a,b are the maximal growth
rates of two microorganisms, respectively. The response functions are denoted by
fi(S) = %,z = 1,2, where k; are the Michaelis-Menten constants. The inte-
raction between the toxin and the sensitive microorganisms is taken to be of mass
action form —cpu, where the constant of proportionality ¢ > 0. The function K (u,v)
represents the fraction of potential growth devoted to producing the toxin, which is
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assumed to be a smooth function satisfying 0 < K (u,v) < 1. K(u,v) = 0 produces
a system asymptotic to the standard chemostat, and K (u,v) = k(contant) is the
system studied in [15, 18].

The production of anti-competitor toxins is of interest when the weaker compe-
titor can produce toxins against its competitors. The introduction of the function
K (u,v) is based on the assumption that the effort devoted to toxin production can
be dynamically allocated as a function of the state of the system, which reflects
the mechanism of quorum sensing (see [3]). In [15], Hsu and Waltman assumed
K(u,v) = k(contant) and studied the competition in the well-stirred chemostat
when the weaker competitor produces toxins. Considering spatial heterogeneity,
the system (1)-(3) with K (u,v) = k(contant) was investigated in [18]. The results
in [15, 18] indicate that coexistence cannot occur when the effort devoted to toxin
production is constant even if taking into account diffusion.

The focus of this study is to investigate the dynamical behavior of the system (1)-
(3) in combination with the effects of dynamically allocated toxin production and
diffusion, and to explain the coexistence of two species in competition on a single
resource in the unstirred chemostat. To this end, we assume that the function
K (u,v) satisfies the hypotheses

(H1) : K(u,v) is C! continuous in Ry x Ry, where R} = [0, +00);
(H2) : 0 < K(u,v) <1 for any u,v € Ry;
(H3) : K(0,0) =0, K(u,v) > 0 for u > 0,v > 0, and K,(0,v) > 0 for any v € R.

Meanwhile, we can extend the response functions f; : [0,4+00) — R to f; : R — R
such that fi(S) = fi(S) for S > 0, f;(S) < 0 for S < 0, and f; € CY(R) (see
[18, 21]). We will denote f;(S) by f;(S) for simplicity.

By suitable scaling, we may take S = 1, n; = 1(i = 1,2) and L = 1. Then the
original system (1)-(3) becomes

Sy = dSpe —aufr(S) —bvfa(S), x€(0,1),t>0,
up = dug, + aufi(S) — cpu, z€(0,1),t>0, (4)
vy = dvge + (1 — K(u,v))bvfa(S), x€(0,1),t >0,
Pt = dpzo + K (u,v)bv f2(S), z€(0,1),t>0
with boundary conditions

S.(0,8) = —1, Sy(1,¢) +vS(1,£) =0, t>0,
1

)

b

ug(0,1) = uz(1,¢) + vu(l,t) =0, t>0, (5)
v5(0,8) = vy (1,8) + vu(l,t) =0, t>0,
p(0,t) = p.(1,¢) + vp(1,t) = 0, t>0,

and initial conditions (3).
As mentioned before, we concentrate on coexistence solutions (i.e. stable positive
solutions) of the following steady state system

dSyr — aufi(S) — bvfa(S) =0, xz € (0,1),
duge + aufi(S) — epu =0, x € (0,1), (6)
dvge + (1 — K(u,v))bvfa(S) =0, =z € (0,1),
dpye + K(u,v)bvfe(S) =0, xz € (0,1),

with boundary conditions

S:(0)=-1, S,(1)4+vS(1)=0, uy(0)=mwu,(1)+rvu(l)=0, (7
v:(0) = v, (1) + vv(1) =0, p2(0) = p.(1) + vp(1) = 0.
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The main technical difficulties in our analysis come from the basic assumption
that the weaker competitor can devote some of its resources to the dynamically
allocated production of anti-competitor toxins. Consequently, the usual reduction
of the system to a competitive system of one order lower through the conservation of
nutrient principle is lost. Thus the system with toxin production is non-monotone,
and the single population model can’t be reduced to a scalar system. Hence, it is
hard to study the uniqueness and stability of the semitrivial nonnegative equilibria.

The main goal of Section 2 is to study the uniqueness and some properties of
single population equilibrium by the general maximum principle, spectral analysis
and degree theory. The main results are given by Theorems 2.1 and 2.2. Since
the single population model (9) can’t be reduced to a scalar system, it is much
more difficult to prove Theorem 2.2 than Theorem 2.1. The crucial point of proving
Theorem 2.2 is to establish Lemma 2.4, which indicates that any positive solution
of (9) is nondegenerative and has index 1. In Section 3, the existence of positive
solutions of the steady state system (6)-(7) is investigated by the degree theory.
The structure and stability of the nonnegative solutions of (6)-(7) is established by
the bifurcation theory in Section 4. Lemma 2.4 and Remark 2.1 also play a key
role in verifying the main outcomes (see Theorems 3.1, 4.2 and 4.3). It turns out
that stable coexistence solutions can occur with dynamic toxin production, which
cannot occur with constant toxin production. Biologically speaking, it implies that
dynamically allocated toxin production is sufficiently effective in the occurrence of
coexisting. Finally, some numerical results illustrate the existence of coexistence
solutions, bi-stable attractors or stable limit cycles, which complement the analytic
results.

2. Uniqueness of single population equilibria. The goal of this section is to
determine the properties of single population equilibria of (4)-(5). Mathematically,
this means that u or v is set to zero in the system (4)-(5), or equivalently, the initial
data ug(z) = 0 or vo(x) = 0, respectively. Hence, we obtain the following reduced
boundary value problems
dSzr —aufi(S) =0, z€(0,1),
dua::r + aufl (S>
dpze =0, x €
S.(0) =—-1, S, (1)+wvS(1) =0,
uz(0) = ug (1) +vu(l) =0, py(0) =ps(1) +wvp(l) =0,
)
0

dSye — bufa(8) =0, z € (0,1),
dvg + (1 — K(0,0))bvf2(S) =0, x€(0,1),
dpze + K(0,0)bv f2(5) =0, =z €(0,1), (9)

S(0)=-1, S;(1)+vS1)=0,
v, (0) = v, (1) + vv(1) =0, p.(0) =p.(1)+vp(l)=0.
To work out the properties of the solutions of the reduced boundary value pro-
blems (8) and (9), we introduce A1, 0 as the principal eigenvalues of the problems
respectively,

d(P1)zx + M f1(2)P1 =0 in (0,1), (¢1)2(0) = (¢1)2(1) +vd1(1) =0, (10)
d(Y1)zz +o1f2(2)P1 =0 in (0,1), (¥1)2(0) = (¢1)(1) + v (1) =0,

with the associated eigenfunctions ¢1,11 > 0 on [0, 1], normalized with max ¢ =

)

1, max; = 1.
0,1]
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For the reduced boundary value problems (8), it is easy to see that p = 0 on [0,
1], and (S, u) satisfies

dS;s —aufi1(S) =0, z€(
(

duww —|—auf1(5') = 07 HAS ’ )a (11)

Let W = S+ u. Then dW,, = 0,z € (0,1), W,(0) = —1,W,(1) + vW(1) = 0,
which implies W = z(x) = % — z on [0, 1]. Hence, S = z — u, and u satisfies

dugy +aufi(z —u) =0, z € (0,1), uz(0) =u,(1) +vu(l) =0. (12)

It follows from Theorem 2.1 in [20] that 0 is the unique nonnegative solution of (12)
if @ < A1, and there exists a unique positive solution of (12) if @ > Ay, which is
denoted by 6,. Therefore, (z,0, 0) is the unique nonnegative solution of (8) if a < Ay,
and there exists a unique positive solution (z — 8,,6,,0) if @ > A\;. Furthermore,
we have the following results.

Theorem 2.1. If a < Ay, then (z,0,0) is the unique nonnegative solution of the
single population model (8); if a > A1, then (8) has a unique positive solution
(z — 04,04,0). Moreover, 0, satisfies the following properties:
(i) 0< b, < z;
(i) @, is continuously differentiable for a € (A1, +00), and is pointwisely increa-
sing when a increases;
(iii) lim 6, = 0 uniformly for x € [0,1];

(l*))\l

(iv) lim 0, = z(z) uniformly for z € [0,1];

a—» 00

(v) Let L, = fd% —afi(z —0,) +ab.fi(z — 0,). Then L, is a differentiable
operator in C%[0,1] = {u € C?[0,1] : u,(0) = uy(1) + vu(l) = 0} and
all eigenvalues of L, are strictly positive, which implies that L, is a non-
degenerate and positive operator in C%[0,1].

Proof. By Lemmas 3.3-3.4 in [32] and Propositions 2.3-2.4 in [20], one can conclude
that 6, satisfies the above properties (i)-(iii) and (v). Hence, we only need to show
(iv).

Since 0 < 0, < z(x) and 6, is pointwisely increasing with respect to a € (A1, 00),
we only need to show that for any € > 0, 8, > (1 — €)z(z) provided that a is large
enough. To this end, let § € C*°[0,1], and (1 —€)z(x) < 0 < (1 — §)z(z). Then

Ay, a1z~ 0) = a[ 20, 051~ 0)] > 0l 20, + (1 =z (52)] > 0

provided that ||@,,]| is bounded and a is large enough. That is, for any € > 0,
there exists A(e) > 0 and 0 € C®[0,1], (1 —€)z(z) < 8 < (1 — §)z(x), |0,
bounded and —6,(0) < 0,6,(1) + v8(1) < 0 such that df,, + affi(z —0) > 0
provided that a > A(e). Clearly, z(x) is a super-solution of (12). Hence we have
z(x) > 0, > 0 > (1 — €)z(x) by the super- and sub- solution method and the
uniqueness of positive solutions to (12). Letting ¢ — 0, we obtain alLH;o 0, = z(x)
uniformly for z € [0, 1]. O

Next, we begin to study nonnegative solutions of (9). If K(0,v) = 0, then it is
easy to see that p = 0 and S + v = z(z) on [0, 1]. Hence, (9) can be reduced into
the scalar system

dvge +bufa(z —v) =0, z € (0,1), v,(0) =v,(1) +vov(l) =0. (13)
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By similar arguments as in Theorem 2.1, we can conclude that 0 is the unique
nonnegative solution of (13) if b < o1, and there exists a unique positive solution
of (13) if b > o1, which is denoted by ¥,. Moreover, by similar arguments as in
Theorem 2.1 again, we have the following similar outcomes.

Lemma 2.2. Suppose (H1) — (H3) hold and K(0,v) = 0. Then if b < o1, then
(2,0,0) is the unique nonnegative solution of the single population model (9); if
b > o1, then (9) has a unique positive solution (z — Oy, 9y,0). Moreover, ¥y, satisfies
the following properties:

(1) 0 <y < 25

(ii) ¥y is continuously differentiable for b € (o1,+00), and is pointwisely increa-

sing when b increases;
(iii) hm Iy = 0 uniformly for x € [0,1], and hm Iy = z(x) uniformly for x €

b—oq b—o0
[0,1];

(iv) Let Ly = —d% —bfa(z—1p) + 00 f1(z—p). Then Ly is a differentiable ope-
rator in C%[0,1] and all eigenvalues of Ly, are strictly positive, which implies
that Ly is a non-degenerate and positive operator in C%[0,1].

If K(0,v) # 0, then (9) cannot be reduced into a scalar system, which makes
it difficult to study nonnegative solutions of (9). We first consider the decoupled
subsystem

dS;z —bufa(S) =0, x€(0,1),
dvge + (1 — K(0,v)bvfo(S) =0, z€(0,1), (14)
Sz(0) =—1,5;(1) +vS(1) =0, v,(0) =v,(1)+vv(l)=0.

By similar arguments as in Lemmas 3.1-3.2 (see Page 11), we establish the priori
estimates for nonnegative solutions of (14).

Lemma 2.3. Suppose (H1) — (H3) hold and let (S,v) be a nonnegative solution
of (14) withv # 0. Then S+v <z, 0< S <z 0<v <, on|0,1]. Moreover,
b>o1.

Next, we show the uniqueness of positive equilibria of (14) by the degree theory.
To this end, let x = z — S. Then (14) is equivalent to
dXez +bvfo(z—x) =0, x€(0,1),
dvge + (1 — K(0,0))bvfa(z —x) =0, x€(0,1), (15)
Xo(0) = Xa (1) +vx(1) =0, v3(0) = vg(1) + vo(1) = 0.
Introduce the spaces:
X, = CJ0,1] x C0,1],
Wo ={(x,v) € Xo|x > 0,v >0 for z€[0,1]},
Qo ={(x,v) e Wplx <z, v< r[101a1>]<79b + 1}

Then W, is a cone of Xy and 2y is a bounded open set in Wy. We define A,
[0,1] X Xog — Xo by

Ar(xv) = ( dd22 +M) i ( I?fff(é&%%ﬁﬁz—x> + Mv ) ’

1
where ( di= d? =+ M ) is the inverse operator of d 7 + M subject to the boun-
dary condltlons v:(0) = v, (1) +vv(l) =0, M is large enough such that M +7(1 —
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K(0,v))bf2(z — x) > 0 for all (x,v) € Qo, 7 € [0,1] and = € [0, 1]. Hence, for any
7 € [0,1], we have A, : Qo — Wy. It follows from the standard elliptic regularity
theory that A, is compact and continuously differentiable. Let A = A;. By Lemma
2.3, (15) (or (14) equivalently) has a nonnegative solution if and only if the operator
A has a fixed point in Q4. Moreover, similar arguments as in Lemma 2.3 indicate
that A, has no fixed points on 9.

Lemma 2.4. Suppose (H1) — (H3) hold. Then (i) index(A,Qo, Wy) = 1; (ii)
index(A4, (0,0), Wy) = 0 provided that b > o;.

Proof. (i) It follows from similar arguments as in Lemma 2.3 that A, has no fixed
points on 9. By the homotopic invariance of the degree, we obtain

index(A, Q(), Wo) = index(AT, Qo, Wo) = index(AO, Qo, Wo)
Here index(A, Qg, Wp) is the index of the compact operator A on Qg in the cone W
(see [8, 9, 10]). Clearly, (0,0) is the unique fixed point of Ag in Q. Hence,
index(A, Qo, Wo) = index(AO, Q(), W()) = index(Ao, (0, 0), Wo)
By some standard calculations (see [8, 9, 10, 31]), we have index (Ao, (0,0), Wy) = 1.
Hence, index(A, Qp, Wp) = 1.
(ii) Let A’(0,0) be the Fréchet derivative of A at (0,0) with respect to (x,v).
Suppose A’(0,0)(¢,%) " = (¢,9) " with (¢,1) € W — (0,0). Then
dper +bf2(2) =0, z€(0,1),
dpzr +bf2(2)p =0, x€(0,1),
0:(0) = ¢ (1) + vp(1) =0, 1,(0) = ¥, (1) + vip(1) = 0.
Since b > o1 and ¢ > 0, it is easy to see that ¢» = 0, which implies ¢ = 0, a
contradiction to (¢,v¢) € Wy — (0,0). Hence, (0,0) is an isolated fixed point of A
in Wg.
Let A'(0,0)(¢, )" = A(#,%) . Then
—Ad¢zz + (A= 1)M¢ = bfa(2)1), z € (0,1),
1
62(0) = 62(1) + 06(1) = 0, 422(0) = (1) + wp(1) = 0.

Consider the eigenvalue problem

In view of b > o1, we can find that the least eigenvalue n; < 0 of (17). It follows
from Lemma A.2 that the spectral radius

Ao =7 <(M - d(ii) B (M + be(z))> > 1.

Note that f)\d% + (A = 1)M is invertible subject to the boundary conditions
$2(0) = ¢x(1) + vp(1) = 0 when A > 1. We can conclude that the spectral radius
Ao is an eigenvalue of A’(0,0). Hence, A’(0,0) has an eigenvalue greater than 1. It
follows from Lemma A.3 that index (A4, (0,0), Wy) = 0 provided that b > o. O

Lemma 2.5. Suppose (H1)— (H3) hold and (So, vo) is a positive solution of (14).
Then (So,v0) is non-degenerative, and index(A, (xo,vo0), Wo) = 1, where xo = z —
So.-
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Proof. In order to show the nondegeneracy of (Sp,vg), we only need to show that
the linearization of (14) at (So, vg) with respect to (.S, v)

L1¢ — bfz(S(])(ﬂ = 0, xr € (0, 1),
Loy + (1 — K(07’U()))b’l}0f2/(50)¢ =0, x¢€ (0, 1), (18)
¢m(0) :¢I(1)+y¢(1) =0, ww(o) =¢z(1)+1’¢(1) = 0.

only has trivial solution, where

Ll(b = d¢az$ - b'Usz/(SO)st
Lot = dipye + (1 — K(0,v0))bf2(S0)1) — K, (0, v0)bvo f2(S0)-

We prove it by an indirect argument, which is motivated by [17]. Suppose (¢, ) #
(0,0). It follows from bug f5(So) > 0 that the operator L; is invertible subject to
the boundary conditions ¢, (0) = ¢,(1) + v¢(1) = 0, and the principal eigenvalue
of L satisfies A1(L;) < 0. Noting that the hypothesis (H3) and

d(v0)ze + (1 — K(0,v9))bvo f2(So) = 0, z € (0,1),
(v0)2(0) = (v0)z(1) + vvo(1) = 0,

we have A;(Lz) < 0. The equality holds if K,(0,v) = 0.

We first claim that both ¢, must change sign in (0, 1). Suppose ¢ > 0 in (0,
1) without loss of generality. Then it follows from the first equation of (18) that
Li¢p > 01in (0, 1). By the strong maximum principle, we have ¢ < 0 on [0, 1].
Multiplying the second equation of (18) by v and (19) by ¢, integrating over (0,
1), and applying Green’s formula, we have

(19)

1
/0 [, (0, 00) fa (S — (1 — K (0, 00)) f3(So) @b = 0,

a contradiction to fol [K,(0,v0) f2(S0)1 — (1 — K(0,v9)) f5(So)@]bvddz > 0. Assume
¢ > 01n (0, 1). There are two possibilities: (i)K,(0,v) = 0; (ii) K, (0,v) > 0,% 0.
In case (i). Similar arguments as above lead to fol(l — K(0,v0))bv3 f4(So)¢dz = 0,
a contradiction. In case (ii), one can conclude that A\ (Lg) < 0 and Loty = —(1 —
K (0,v0))bvo f5(S0)¢ < 0 on [0, 1]. The strong maximum principle implies ¢ > 0 on
[0, 1]. Thus L1¢ = bf2(Sp)yy > 0 in (0, 1). It follows from the strong maximum
principle that ¢ < 0 on [0, 1], a contradiction. Hence, both ¢, must change sign
in (0, 1).

Second, we claim that ¢, have at most finitely many zeros in (0,1) where ¢, ¥
change sign. Suppose ¢(z,,) = 0 for an infinite sequence of distinct points {x,} C
[0,1], and ¢ changes sign at any x,. By compactness, we may assume that there is
Zoo € [0,1] such that 2, — xo(n — c0) by passing to a subsequence if necessary.
By the mean value theorem, we conclude that ¢(zo) = 0, 0z (To0) = 0, Pr(Too) =
0. It follows from the first equation of (18) that ¢(z) = 0. The maximum
principle applied to the first equation of (18) shows that ¢ must change sign in
any neighborhood of z,. Thus 9, (2s) = 0. It follows from the uniqueness of the
Cauchy problem associated with (18) that (¢,) = (0,0), which is a contradiction
to (¢,%) # (0,0). The same assertion holds for the zeros where ¥ changes sign.

Clearly, ¢(0) # 0 or ¥(0) # 0. Otherwise, ¢(0) = 0,1(0) = 0. By the uniqueness
of the Cauchy problem associated with (18), we have (¢, %) = (0,0), a contradiction.
Hence, we may assume that ¢(0) > 0 and 0 < 27 < 2 < -+ < x,,, < 1 are the
finite sequence of zeros of ¢ in (0,1) where it changes sign. Then ¢(x;) = 0(i =
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1,2,---,m), and

¢ >0in (w9, x941) fori >0,2i+1<m+1,
¢ < 0in (3321‘_1,.’11‘21‘) fori >1,2i<m+1

where zg = 0,2,,+1 = 1. We claim that

(*1)J¢($J) > Oa ] € {]—723 e 7m}'
We first claim that ¢ (z1) < 0 by an indirect argument. Suppose (1) > 0. Note
that ¢ > 0 on (0,21) and

Lyt = —(1 = K(0,v0))bvo f3(S0)¢ < 0 in (0,21), ¢5(0) =0, ¢(z1) > 0.  (20)
There are two possibilities: (1)K, (0,v) = 0; (ii) K, (0,v) > 0,% 0.

(i) If K,(0,v) = 0, then Lot = dipye + (1 — K(0,v9))bf2(So)® and Lavg = 0
in (0,21). The general maximum principle implies that /vy cannot reach its non-
positive minimum in (0, x1). If m[%)nl] ¥/ve = ¥(0)/vp(0) < 0, then (%) la=0 >0

xe|0, x

by the general maximum principle, which is a contradiction to (%) le=0 = 0.
xr

Suppose m[énl]w/vo = (x1)/vo(x1) < 0. In view of ¢(z1) > 0, we have ¢(z1) =0
xe|0,
and ¢ > 0 in (0,z1). Hence,
Li¢ =bf2(So)¢ > 01in (0,1), ¢5(0) =0, ¢(z1) =0.

By the strong maximum principle, we obtain ¢ < 0 in (0,1), a contradiction to
¢ > 01n (0,z1). Thus ¥(z;) < 0.

(ii) If K,(0,v) > 0,% 0, then A\ (L2) < 0. The maximum principle applied to
(20) shows that ¢ > 0 in (0, ;). Hence,

Li¢p =bf2(Sp)y >01in (0,1), ¢.(0) =0, ¢(z1) =0.
By the strong maximum principle, we obtain ¢ < 0 in (0,27), a contradiction to
¢ >0in (0,21). Thus ¥(z1) < 0.

Next, assume that ¢(z;) < 0 and ¢ < 0 in (24, %;41) for i € {1,2,--- ,m — 1}.

We prove ¢(x; 1) > 0 by an indirect argument. Suppose 1(x;41) < 0. Then
Lotp = —(1 = K(0,v9))bvo f3(S0)¢ > 0 in (24, wi11), ¥(2:) <0, ¢(zi41) < 0. (21)
We also have two possibilities: (1)K, (0,v) = 0; (ii) K, (0,v) > 0, 0.

(1) If KU(O,U) = 0, then Loy = dipy, + (1 — K(O,Uo))bf2(50)¢ and Lovg = 0
in (x;,zi+1). The general maximum principle implies that ¢ /vy cannot reach
its nonnegative maximum in (z;,2;4+1). By virtue of ¥(z;) < 0, one can con-
clude that /vy cannot reach its nonnegative maximum at x = x;. Assume that

max ]w/vo = Y(2i41)/vo(zi+1) > 0. By the hypothesis ¢ (z;11) < 0, we get

TE[Ti,Tit1
Y(ziy1) =0 and ¥ (z)/vo(x) < 0 in (z;,2,41). Hence,
Li¢p =bfa(So)p <0 in (25, 2i41), ¢(xi) =0, d(zit1) = 0.

By the strong maximum principle, we obtain ¢ > 0 in (x;, x;+1), a contradiction to
(,25 <0in (:ci,xH_l). Hence, ¢(Ii+1) > 0.

(i) If K,(0,v) > 0, 0, then A;(L2) < 0. The maximum principle applied to
(21) shows that ¢y < 0 in (z;, x;41). Hence,

Li¢ =bf2(S0)¥ <0in (0,1), ¢g(xi) =0, p(xi41) =0.

By the strong maximum principle, we obtain ¢ > 0 in (z;, z;41), a contradiction to
¢ <0in (z;,2;41). Thus ¥(z;41) > 0.
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Similar arguments show that if ¢(z;) > 0 and ¢ > 0in (z;, x;41), then ¥ (x;41) <
0. These imply (—1)7¢(z;) >0, j€{1,2,---,m}.
At last, we focus on the last interval to establish a contradiction. We have two
possibility to consider: (i) ¢ > 0 in (xy,,1); (ii) ¢ < 0in (2, 1).
(i) The case of ¢ > 0 in (z,,,1). By the above arguments, we have ¥ (z,,) > 0.
Note that
Lo = —(1 = K(0,v0))bvo f3(S0)¢ < 0 in (2, 1),
W(m) > 0, a(1) + (1) = 0.
Just as above, if K,(0,v) = 0, then Loty = dib,, + (1 — K(0,v9))bf2(So)y and
Lovg = 0in (2, 1). The general maximum principle implies that /vy cannot reach
its non-positive minimum in (z,,,1). By virtue of ¢(x,,) > 0, one can conclude

that ¥ /vg cannot reach its non-positive minimum at = x,,,. Then I[nin ]1/) Jvg =
TE€[Tm,1

¥(1)/ve(1) < 0. By the general maximum principle again, we have (%) lo=1 < 0.

(22)

On the other hand, it is easy to see that (%) lom1 = w“”(l)”"(l)gwgl)(m)z(l) =0,

= vg (1
a contradiction. If K,(0,v) > 0,% 0, then (L) < 0. The maximum principle
applied to (22) shows that ¢ > 0 in (z,,,1). Hence,

Ligp =bfa(So)h > 0in (0,1), ¢(zm) =0, dpo(1) + vé(1) = 0.

By the strong maximum principle, we obtain ¢ < 0 in (2, 1), a contradiction to
¢ >0in (4, 1).
(ii) The case of ¢ < 0 in (z,,,1). By the above arguments, we have ¥ (x,,) < 0.
Note that
Lotp = —(1 = K(0,v0))bvo f3(S0)¢ > 0 in (2, 1),
Y(am) <0, (1) +v2(1) = 0.
Similarly, if K,(0,v) =0, then Lot) = dipze + (1 — K(0,v0))bf2(S0)¢ and Lavg =0
in (2m,,1). The general maximum principle implies that /vy cannot reach its
nonnegative maximum in (x,,,1). Noting that 1 (x,,) < 0, one can conclude that

/vy cannot reach its nonnegative maximum at x = x,,. Then r?ax /vy =
TE[Tm,1

1¥(1)/vo(1) > 0. By the general maximum principle again, we have (%) |lz=1 >0,

(23)

0

a contradiction to (i) Jomy = Le@olopD:) — o 1f K, (0,v) > 0, 0,

vo ), v (1
then A;(L2) < 0. The maximum principle applied to (23) shows that ¢ < 0 in
(zm,1). Hence,

Ligp =bfa(So)h < 0in (0,1), ¢(zm) =0, dpo(1) + vé(1) = 0.

By the strong maximum principle, we obtain ¢ > 0 in (2, 1), a contradiction to
¢ <0in (4, 1).

Therefore, we have (¢,v) = (0,0), which implies that any positive solution of
(14) is non-degenerative.

The remain task is to show index (A4, (xo,vo), Wo) = 1, where xo = 2—Sp. To this
end, let A’(xo,vo) be the Fréchet derivative operator of A at (xo,vo) with respect to
(x,v). It follows from the arguments above that 1 is not an eigenvalue of A’(xo, vo),
and (xo, Vo) is a nondegenerate fixed-point of A in Wy. Hence,

index(A, (xo0,v0), Wo) =index(A4, (xo, vo), Xo) =index(A’ (xo, v0), (0,0), Xo)=(—1)7

by the Leray-Schauder formula, where o is the sum of the multiplicities of all eigen-
values of A’(xo,v9) which are greater than one. Suppose A > 1 is an eigenvalue of
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A’(x0,v9) with the corresponding eigenfunction (¢,). Then A’(xo,v0)(¢, )" =
A, )T leads to

’81(>\)¢ = _bf2(z - XO)wv T e (07 1)a

22()‘)7/} = (1 - K(OarUO))erOfé(Z - X0)¢7 T e (07 1)7

¢x(0) = ¢x(1) + V¢(1) =0, %:(0) = 'll)m(l) + W/)(l) =0,
where

L£1(N)¢ = Moo — (A = )M — buo f3(2 — X0)9

Lo( N = Adppzz — (A= 1) M9+ (1=K (0,v0))bf2(2 = x0)¥ — K4 (0, v0)bvo fo (2 —X0) -
It follows from A > 1 and bug f5(z — x0) > 0 that the operator £;(\) is invertible
subject to the boundary conditions ¢,(0) = ¢,(1) + v¢$(1) = 0, and the principal
eigenvalue of £1 () satisfies A1 (£1())) < 0. Noting that the equation (19) and A > 1,
we have A;(£2(A)) < 0 by Lemma A.1. By similar arguments as we have dealt with

(18), we can show (¢, ) = (0,0). Hence, A’(xo0,Up) has no eigenvalue greater than
1. Thus index(A4, (xo,Uo), Wo) = (=1)° = 1. 0

Remark 1. Suppose (H1) — (H3) hold and (Sp,vp) is a positive solution of (14).
It follows from the proof of Lemma 2.5 that for any A > 1, the operator

( £1(N) bfa(z — xo) )

—(1 = K(0,v0))bvof2(z = x0)  L2(})

is invertible in C%[0, 1] x C%[0,1], where C%[0,1] = {u € C?[0,1] : u,(0) = u, (1) +
vu(1) = 0}. In particular, B = B(1) is invertible in C%[0,1] x C%[0, 1].

Theorem 2.6. Suppose (H1) — (H3) hold. Then
(i) the trivial solution (z, 0, 0) of (9) is the unique nonnegative solution provided
that b < oy,

(ii) there exists a unique positive solution of (9) provided that b > o1, denoted by
(S*,v*,p*).

B(N) =

Proof. (i) is a direct result of Lemma 2.3.

(ii) We first show there exists a unique positive solution of (14) provided that
b > o1. It suffices to show A has a unique positive fixed point in Q. It follows from
Lemma 2.3 that the fixed points of A in 2y are two types, which are the trivial fixed
point (0,0) and the positive fixed points (x, v). It follows from Lemma 2.5 that any
positive fixed point (xo, vo) of A is non-degenerative and index(A, (xo,v0), Wo) = 1.
Meanwhile, by the compactness argument on the operator A and the non-degeneracy
of its fixed points (including (0, 0) and positive fixed points), one knows that there
are at most finitely many positive fixed points in Q. Let them be (x;,v;)(i =
1,2,--+,m). Then index(A, (x;,v;), Wo) = 1 for i = 1,2,--- ,m. By the additivity
property of the fixed point index and Lemma 2.4, we have

1 = index(A, Q9, Wo) = index(4, (0,0), Wo) + Y _ index(A, (xi, vi), Wo) = m.
i=1
That is, there exists a unique positive solution of (14) provided that b > o1, which
is denoted by (S*,v*). Let p* be the unique solution to the problem

dpz:c + K(O,U*)bv*fQ(S*) =0, z€ (Oa 1)7 px(o) = pm(l) + Vp(]-) =0.

It follows from the strong maximum principle that p* > 0 on [0, 1]. Hence, (9) has
a unique positive solution (S*,v*,p*) provided that b > 0. O



1384 HUA NIE, SZE-BI HSU AND JIANHUA WU

3. Existence of positive solutions. Clearly, (z,0,0,0) is the trivial solution of
(6)-(7). It follows from Theorems 2.1-2.2 that (6)-(7) possesses two semi-trivial
nonnegative solutions (z — 6,,60,,0,0) and (S*,0,v*,p*) provided that a > A\y,b >
o1. The aim of this section is to establish the existence of positive solutions of
(6)-(7). To this end, we first derive the priori estimates for nonnegative solutions
of (6)-(7).

Lemma 3.1. Suppose (H1) — (H3) hold and (S,u,v,p) is a nonnegative solution
of (6)-(7) withuZ0,vZ0,pZ£0. Then Stu+v+p<z,0<S<z 0<u<b,,
O<v<th, 0<p<ih, 0<v+p<¥ on [0, 1]

Proof. Let ® =z — (S 4+ u+ v+ p). Then
It follows from the strong maximum principle that ® > 0 on [0, 1]. That is,
0<S+u+v+p<z(x)on |0, 1]. Noting that

~dSyy + (au [} fi(rS)dr +bv [y f5(rS)dr)S =0, =€ (0,1),

S:(0) = -1, S,(1) +vS(1) = 0.
It follows from the strong maximum principle that S > 0 on [0, 1]. Hence, 0 < S <
z—u—v—pon [0, 1]. In particular, 0 < S < 2,0< S<z—u,0< S<z—(v+p)
and 0 < S < z—wv on [0, 1]. Similarly, we have

—dug, + cpu = aufi(S) > 0,20,z € (0,1), u,(0) = uy, (1) +ru(l) =0.
By the strong maximum principle, we obtain that « > 0 on [0, 1]. In view of
0<S<z—wuon|0,1], we get
0= duwx+auf1(s)_cpu < duwm+auf1(2_u)7 LS <0a 1)7 U’w(o) = uw(l)—l—uu(l) = 07
which implies u < 6, on [0, 1]. Namely, 0 < u < 6, on [0, 1]. Similarly, by virtue
of 0<S<z—(v+p)<z—wvon |0, 1], we have v,p > 0 and v+ p < ¥}, on [0, 1],
which imply 0 < v < 9, 0 < p < 9 on [0, 1]. O
Lemma 3.2. Suppose (H1) — (H3) hold and (S,u,v,p) is a nonnegative solution
of (6)-(7) with w2 0,v#0,p £0. Then
(i) a> M,b>0q;

(ii) for b > o1 fized, there exists some positive constant Ao such that a < Ag.

Proof. (i) Tt follows from Lemma 3.1 that S,u,v,p > 0 and S < z on [0, 1]. By
Lemma A.1, we have

a = \i(ep, £1(8)) > M(0, f1(2)) = A,

where A;(cp, f1(S)) is the principal eigenvalue of —d¢,. + cpd = Af1(2)p, x €
(0,1), ¢2(0) = ¢ (1) + vép(1)(cf. Lemma A.1). Similarly, we get

b= (K (u,v)bf2(5), f2(5)) > M(0, f2(2)) = o1.

(ii) Assume that (S;, u;, v;, p;) is a positive solution of (6)-(7) with a = a; and
a; — oo. Then it follows from the equation

—d(U;)ze + cpiui = a;ui f1(S), x € (0,1),  (u)2(0) = (us)2(1) + vu;(1) = 0,

that a; = A (eps, f1(S:)) < A1(c, f1(S;)). Noting that a; — oo, one can find that
S; = 0 a.e. in (0,1) as i — oo. On the other hand, it follows from the equation

d(vi)zz + K (ui, vi)bv; f2(S:) = bvi fa(Si), ® € Q, (v3)2(0) = (v3)2(1) +vvi(1) =0
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that b = Ay (K (ui, v;)bf2(S;), f2(S;)), which implies b — oo since S; — 0 a.e. in
(0,1) as ¢ — oo. This is a contradiction. Hence, there exists some positive constant

Ao such that a < Ag. O
Let x = z — S. Then the steady state system (6)-(7) is equivalent to
dXze + aufi(z — x) + bvfa(z — x) =0, z € (0,1),
duge + aufi(z — x) — cpu =0, x € (0,1),
dves + (1 — K(u,v))bvfa(z — x) =0, z € (0,1), (24)
dpre + K(u,v)bvfa(z —x) =0, z € (0,1),

Xz(0) = xz(1) + vx(1) =0, u,(0) = u, (1) + vu(l) =0,
v (0) = v (1) +vv(1) =0, p.(0) =p,(1) +vp(l) =0.

Moreover, by Lemma 3.1, (S, u,v,p) is a nonnegative solution of (6)-(7) if and only
if (x,u,v,p) is a nonnegative solution of (24). As mentioned before, nonnegative
solutions of (24) can be divided into three types:

(i) the trivial solution Ey = (x,u,v,p) = (0,0,0,0),

(ii) the semi-trivial solutions Ey = (x, u,v,p) = (04, 04,0,0) exists if a > A\; and

Es = (x,u,v,p) = (2 — S*,0,v*, p*) exists if b > o1,

(iii) positive solutions (x, u,v,p) with x,u,v,p > 0 on [0, 1].
Next, we turn to study positive solutions of (24). To this end, we introduce the
spaces

C4[0,1] ={u e C[0,1] : w > 0 on [0, 1]},

X = C10,1] x C[0,1] x C[0,1] x C[0,1],

W = C’+[O7 1] X C+[O, 1] X C+[O, 1] X C’_‘_[O7 1],

Q={(x,u,v,p) eW:x<z u< I[Téai)](ga+1, v < r[%zaﬁ(ﬁbJrl,p< r[rézﬁcﬁb+ 1},

Then W is a cone of X and €2 is a bounded open set in W. Define a differential
operator A, : [0,1] x @ — X by

) B Taufi(z — x) + Tbvfa(z — x) + Mx
- d Taufi(z — x) — Tepu + Mu
A- (X, u,v,p) = <ddx2 + M) 7(1 = K(u,v))bvfa(z — x) + Mv ’
7K (u,v)bvfa(z — x) + Mp

-1

where (fd% + M) is the inverse operator of fd% + M subject to the boun-
dary conditions v, (0) = v, (1) +vv(1) = 0, M is large enough such that M —cp > 0
for all (x,u,v,p) € Q and x € [0, 1]. Hence, for any 7 € [0, 1], we have A, : Q@ — W.
It follows from standard elliptic regularity theory that A, is compact and conti-
nuously differentiable. Let A = A;. By Lemma 3.1, there exists a nonnegative
solution of (6)-(7) (or (24) equivalently) if and only if there exists a fixed point of
the operator A in Q2. Moreover, similar arguments as in Lemma 3.1 indicate that A,
has no fixed points on 9f2. To figure out whether there exist positive fixed points of
A or not, we need to calculate the index of the trivial and semi-trivial fixed points
of A firstly.

Let 5\1, 01 be the principal eigenvalues of the problems respectively,

7Ad(qg1)z:t + CAp*(ngl = le}(S*)lea HANS (07 1)5
(¢1)2(0) = (¢1)=(1) +v1(1) =0,
d("/)1>ma:+&1(1 - K(Ga, O))fQ( - Ga)wl :07 YIS (07 1),

($1)2(0) = (401)2 (1) +11 (1) =0,
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with the corresponding eigenfunctions é1,71 > 0on [0, 1], normalized with max i

)

1, max iy = 1. It follows from Lemma 3.1 and Lemma A.1 that

A=A (e, f1(57) > M (0, f1(2)) = Ar.
Similarly,
61 =2 0, (1= K (80,0)) foz — 8)) > M (0, fo(2)) = 1.

Moreover, it follows from Theorem 2.1 and Lemma A.1l that the function &1 (a)
depends continuously on the parameter a on [A1, +00) with lini 61(a) = o1 and
a—M1

lir+n 61(a) = 4o0. Furthermore, if K, (u,v) > 0, then &4 (a) is strictly increasing
a—+00

on [A1,+00). That is, the following lemma holds, whose proof is exactly similar to
Lemma 2.3 in [23].

Lemma 3.3. Suppose (H1)—(H3) hold and K, (u,v) > 0. Then the function &1(a)
depends continuously on the parameter a on [\1,+00), and is strictly increasing on
[A1,+00). Moreover, liH/\l 61(a) = o1 and hrf 61(a) = +o0.

a—A1 a——+oo

Lemma 3.4. Suppose (H1) — (H3) hold and a > A1,b > o1. Then
(i) index(A,Q,W) = 1;
(ii) index(A, Ey, W) = 0;
(iii) index(A, Eq,W) =0 if b > 61, and index(A, E1,W) =1 if b < &1;
(iv) index(A, Eq, W) =0 if a > A1, and indexw (A, E2, W) =1 if a < A;.
Proof. (i)-(ii) can be shown by similar arguments as in Lemma 2.4, and we omit it

here.
(iii) To calculate index(A, E1, W), we decompose X into

X1 ={(x,u,0,0) : x,u € C[0,1]}, X2 ={(0,0,v,p):v,p € C[0,1]}.

Let Wy = WNX,,We =WnNXs and U = N(E;) N Wy, where N(E4) is a small
neighborhood of E; in W. Then U is relatively open and bounded. Choosing € > 0
small enough, we have

index(A, E1, W) =degy, (I — A, U x Wy(e),0),

where Wa(e) = {(0,0,v,p) € Wa : ||(v,p)||x, < €}. Let @ : X — X; be the
projection such that Q(x, u,v,p) = (x,u). Denote A1 = QA, Ay = (I —Q)A. Then
we have A(x,u,v,p) = (A1 (x,u,v,p), A2(x, u,v,p)). Moreover, As(x,u,0,0) =0
for (x,u) € U and A;(x,u,0,0) # (x,u) for (x,u) € OU.

Next, we determine the spectral radius (A5 (F1)|w,) of the operator A5 (E1)|w,.
Direct computation leads to

/ a2 (1= K(00,0)bfa(z — )+ M 0
Az(E1)|WQ(ddx2+M> (meo)bb(z_;a) M).

Hence, AIQ(E1)|W2 (7/13 C)T = A(d’a C)T gives
iy + M = (1~ K (00, 0)bla(z — 6u)i0+ MY], 2 € (0,1),

—dCpy + MC = %[K(Qmo)bfg(z—&a)w—kMC], z € (0,1),
$2(0) = 2 (1) + v¢(1) = 0, ((0) = ¢ (1) +v¢(1) = 0.

(26)
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Consider the eigenvalue problem

—dbgy — b(1 — K(0,4,0))fa(z — 0.) =mb, x € (0,1), @7)
¥2(0) = 1o (1) +v9(1) = 0.
Noting that

d(}zjl)zz + a'lg]- - K(GQ,Q))fg(z - 0(1)72)1 = Oa HANS (07 1);
(¢¥1)2(0) = (¢1)2(1) + v (1) = 0,

we can find that the least eigenvalue 11 < 0 of (27) if b > &1, and the least eigenvalue
m > 0 of (27) if b < &1. Tt follows from Lemma A.2 that the spectral radius

00— a5 01+ (- K0 0tz —02)] 1

if b > 61, and
r [(M - ddd—;)‘l(M + (1 = K(04,0))bfa(z — 90)} <l

42
dx2

clude that (26) has eigenvalues greater than 1 and 1 is not an eigenvalue of (26)
corresponding to a positive eigenvector provided that b > 61, and (26) has no eigen-
values greater than or equal to 1 provided that b < 1. Hence, the spectral radius
r(A5(F1)lw,) > 1 and 1 is not an eigenvalue of A, (F1)|w, corresponding to a po-
sitive eigenvector provided that b > 61 and the spectral radius r(AL(E1)|w,) < 1
provided that b < 1. It follows from Lemma A.4 that for € > 0 small,

—1
if b < 1. In view of the spectral radius r (M —d (M) < 1, we can con-

0 if b > 61,

index(A,E1,W):degW(I_A7UXWQ(E)VO):{deg (I — Ailw,,U,0) ifb<éy
Wi - 19 Y .

By Leray-Schauder degree theory, degy,, (I — Ai|w,,U,0) = (=1)™, where m is the
sum of the multiplicities of all eigenvalues of the Fréchet derivative Af (E;) which are
greater than one. Consider the eigenvalue problem Aj(Ey)|w, (£, 0)T = A&, ¢)T.
Then we have

—Ad&ee + (A = 1)ME = —aba f1(z — 0.)§ + afi(z = 0a)¢, = € (0,1),

_)‘d(bwz + ()‘ - 1)M¢ = afl(z - 9a>¢ - aeaf{(z - 9(1)57 MAS (07 1)7

§:(0) = & (1) +v6(1) =0, ¢2(0) = ¢2(1) +vo(1) = 0.
Let ® =& — ¢. Then

1-A
—d®,, = TMCD, x € (0,1),9,(0) = P, (1) + vP(1) = 0.

If ® =0, then

1
_d¢zm + M¢ = X[G’fl(z - ga) - aeaf{(z - aa) + M](bv T e (07 1)7
¢2(0) = ¢z (1) + vo(1) = 0.
Noting that the first eigenvalue of the eigenvalue problem
_d(pa::r - [afl(z - 911) - aeaf{(z - ea)](p =nNp, T E (Oa 1);
©2(0) = (1) +vep(1) = 0.
is larger than 0. It follows from Lemma A.2 that the spectral radius
d2
dx?

(28)

(M —d=—=)""(M +afi(z — 04) — abaf1(z — 0.))| < 1.
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Hence, (28) has no eigenvalues greater than or equal to 1. If ® £ 0, then it is easy
to see that A < 1. Hence, A} (F1)|w, has no eigenvalues greater than or equal to 1.
It follows that for € > 0 small

index(A, E1, W) = degy, (I—A, U xWs(e),0) = degy, (I—Ai|w,,U,0) = (-1)° =1

provided that b < 6;.

(iv) In order to calculate index (A, Eq, W), we decompose X into X7 ={(x,0,v,p) :
X,v,p € C[0,1]}, X2 ={(0,4,0,0):u e C[0,1]}. Let W1 =W NX;, Wy =WnN Xy
and U = N(E3) N Wy, where N(FE3) is a small neighborhood of F5 in W. Then U
is relatively open and bounded. Choosing € > 0 small enough, we have

index(A, Eo, W) = degy, (I — A, U x Ws(e),0),
where Wy (e) = {(0,u,0,0) € Wa : |lullcpo,1) < €}. Let @ : X — X be the projection
such that Q(x, u,v,p) = (x,v,p). Denote A; = QA, A2 = (I — Q).A. Then we have
A(X7U7U7p) = (Al(X,U,U,p),AQ(X,U,’U,p))-

Moreover, As(x,0,v,p) = 0 for (x,v,p) € U and A;(x,0,v,p) # (x,v,p) for
(x,v,p) € OU.

Next, we determine the spectral radius (A5 (FE2)|w,) of the operator A% (Es)|w, .
Direct computation leads to

2 -1
B, = (=g +30) (A5 - 1),
Hence, A5(E2)|w, ¢ = ¢ gives
b+ MO = 1 (afs(S)6 — p6+ M),z € (0,1), 9)

¢2(0) = ¢2(1) +v(1) = 0.

Consider the eigenvalue problem
— dpes +cp o —afi(ST)p =np, z € (0,1), ©.(0) = u(1) +vei(l) =0. (30)

If a > A1, then the first eigenvalue of the eigenvalue problem (30) is less than 0. It
follows from Lemma A.2 that the spectral radius
2

T (—dd

12 + M) af1(S%) = ep" + M)| > 1,

and 1 is not an eigenvalue of (29) corresponding to a positive eigenvector. That
is, the spectral radius r(A5(E1)|w,) > 1 and 1 is not an eigenvalue of AL (E1)|w,
corresponding to a positive eigenvector provided that a > M. If a < Ap, then the
first eigenvalue of the eigenvalue problem (30) is larger than 0. It follows from
Lemma A.2 that the spectral radius r(Aj(FEs)|w,) < 1 provided that a < A;. It
follows from Lemma A.4 that for € > 0 small,

0 if a > A,

index(A, By, W) = degy, (I=A, U x Wa(e),0) = )
index( 2, W) gy ( xWa(e),0) {degWI(I—AﬂWnU»O) if a < Ap.

By Leray-Schauder degree theory, degy, (I — Ailw,,U,0) = (—1)", where m is
the sum of the multiplicities of all eigenvalues of the Fréchet derivative A} (E2)
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which are greater than one. Suppose A > 1 is an eigenvalue of A} (E2)|w, with the
corresponding eigenfunction (&,1,¢) # (0,0,0). Then

L1(N)§ = =bfa(S5")Y, x €(0,1),

Lo(N)Y = (1 = K(0,v7))bo* f3(5*)¢, = € (0,1),

L3(N)¢ = —K(0,0*)bfo(S*)p — Ky, (0,v*)bv* fo(S*) (31)
+K(0,v*)bv* f5(S*)¢, x € (0,1),

fm(o) = Em(l) + VE(]-) =0, 1/Jx(0) = %(1) + V'l/}(]-) =0,

G (0) = G (1) + v¢(1),

where
L1(N)E = N — (A= 1)ME =" f5(S7)E,  L3(N)¢ = AdCew — (A — 1) M,

LoMNy = Adpge — (A= 1)Myp + (1 — K(0,v%))bf2(S™)p — K, (0,v")bv* fo(S*)1.
We first consider the decoupled system

L1(N)E = =bfa(S* )b, ze (0,1
Lo(MN)p = (1 = K(0,v"))bv* f3(S*)¢, z€(0,1
€2(0) = & (1) +v€(1) =0, 2(0) = ¥(1) +vy(1) = 0.

It follows from A > 1 and bv* f4(S*) > 0 that the operator £ () is invertible subject
to the boundary conditions &,(0) = £,(1) + v€(1) = 0, and the principal eigenvalue
of £1(\) satisfies A\1(£1(\)) < 0. Noting that (S*,v*) is the unique positive solution
to (14), we can find that for A > 1, the principal eigenvalue A;(£2(A)) < 0. The
equality holds if and only if K, (0,v) =0 and A = 1. It follows from Remark 1 that
for any A > 1, the operator

— L1(A) RICH)
B(A) := ( —(1 = K(0,v7)bv" f3(5*)  La(A) )

is invertible, which implies (£,1) = (0,0). Meanwhile, it is easy to see that L£3()\)
is invertible, which leads to ¢ = 0 on [0, 1]. This is a contradiction to (&1, () #
(0,0,0). Thus A](F2)|w, has no eigenvalues greater than or equal to 1. That is,
m = 0. It follows that for € > 0 small

index(A, By, W) = degyy (I—A, U xWs(e),0) = degyy, (I —Ai|w,,U,0) = (1)’ =1

);
) (32)

)

provided that a < A O

Theorem 3.5. Suppose (H1)—(H3) hold. Then the steady state system (6)-(7) has
at least one positive solution if (1) a > A1,b > 61 or (ii) A\ < a < A,01 < b < d7.

Proof. Tt suffices to show that (24) has at least a positive solution. Suppose (24)
has no positive solutions. In view of, a > A1,b > o1, the system (24) has only the
trivial solution Ey = (0,0, 0,0), and the semi-trivial solutions Fy = (6,,0,,0,0) and
Ey = (z— 5*,0,v*,p*). By the additivity of the index, we have
index(A, Q, W) = index(A, Eo, W) + index (A, Ey, W) + index(A, Ez, W).
It follows from Lemma 3.4 that
index(A, Eg, W) + index(A, By, W) + index(A, Ey, W)
. 0 ifa>5\1,b>61,
)2 ifM<a<A,o<b<6,

which is a contradiction to index(A,Q, W) = 1. Hence, (6)-(7) has at least one
positive solution in the case of (i) or (ii). O
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4. Global bifurcation and stability. The aim of this section is devoted to study
the structure and stability of the nonnegative solutions of the steady state system
(6)-(7). Clearly, (6)-(7) has trivial solution (S, u,v,p) = (z,0,0,0), which always
exists. If a > A1,b > o1, then it follows from Theorems 2.1-2.6 that (6)-(7) has two
semi-trivial solution branches

' ={(a,2—604,0,,0,0): a > A1} and Ty = {(a,5",0,0%,p*) :a € R }.

We first study the stability of the trivial solution (z,0,0,0) and the semi-trivial
solutions (z — 0,,0,,0,0) and (S*,0,v*, p*).

Theorem 4.1. Suppose (H1) — (H3) hold. Then

(i) the trivial solution (z,0,0,0) is stable if a < A1 and b < o1, and unstable if
a> A orb>oq;
(i) the semi-trivial solution (z — 04,04,0,0) is stable if b < &1, and unstable if
b>o1;
(iii) iof K(0,v) =0, then (S*,0,v*,p*) = (z—1,0,%,0), and it is stable if a < A,

and unstable if a > A1.

Proof. The proof of (i) is standard, and is omitted here.
(ii) Consider the following linearized eigenvalue problem of (6)-(7) at
(z—04,0,,0,0)

d€rw — a0 f1(z2 — 0,)6 —af1(z — 0,)p — bfa(z —0,)p + A =0, z € (0,1),
dppr +afi1(z —0a)p + abafi(z —0.)§ — cB,(+Ap =0, z€(0,1),

dwww + (1 - K(eaa O))be(Z - 9a)¢ + )‘w = Oa T e (Oa 1)7

s + K(0,,0)bf2(z —0,) + X =0, =z € (0,1),

Let =&+ dand P =9+ (. Then{ =P — ¢, =T — ¢ and (¢, D, U, 4)) satisfies

Ay + afi (Z - 9(1)(?5 - aeaf{ (Z - ea)(b + aeaf{(z - ea)q)
—c0,V + ) + Ap =0, =z €(0,1),

APy — 0,0 — bfa(z — 0,)0) + ) + A® =0, z € (0,1),

AV, +bfa(z —0,)Y + AU =0, z € (0,1), (34)

dye + (1 — K(04,0))bfa(z — 0)0 + Mp =0, z€(0,1),

\IIZE(O) = \I/w(1> + I/\I’<1) =0, ’(/}ZE(O) = %(1) + Vw<1) =V

It is easy to see that A is an eigenvalue of (34) if and only if A is an eigenvalue of
one of the following four operators:

(33)

42 / 42
—d? —afliiZQ— 0a) + aby fi(z — ba), _d@7
_d@a _d@ - (1 - K(Gav O))be(Z - 0(1)

subject to the homogeneous Robin boundary conditions: ¢,(0) = ¢,(1)+ve¢(1) = 0.
Clearly, all eigenvalues of the operator —df—; subject to the homogeneous Robin
boundary conditions: ¢,(0) = ¢,(1) + v¢(1) = 0 are larger than 0. By Theorem
2.1, all eigenvalues of the operator L, = fd% —af1(z—04)+ab,fi(z—0,) subject
to the homogeneous Robin boundary conditions: ¢,(0) = ¢,(1) + v¢(1) = 0 are
greater than 0. Meanwhile, it follows from Lemma A.1 that all eigenvalues of the
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operator —d% — (1 — K(04,0))bf2(z — 6,) are larger than 0 if b < 61, and it has
an eigenvalue less than 0 if b > &1. Therefore, (ii) holds.

(iii) If K(0,v) = 0, then it follows from Lemma 2.2 that (S*,0,v*,p*) = (z —
95,0,9,0). To investigate the stability of the semi-trivial solution (z — ¥y, 0,9, 0),

we consider the linearized eigenvalue problem of (6)-(7) at (z — ¥, 0,9, 0)

Aoz — DU f3(2 = Up)§ — afi(z — 06)d — bf2(2 = Up)1b + A = 0,
d¢zm + CLfl(Z - ﬁb)(ﬁ =+ >‘¢ =0,
dwxz + be(Z - 7-9b)w - Ku(oa ﬁb)bﬁbfZ(Z - ’l9b)¢
+00p f3(2 — 9p)€ + M = 0, (35)
dgww + Ku(oa 19b)b19bf2(2 - 0b)¢ + )‘C = 07
§L(O) = f»b(l) + Vf(l) =0, (b.L(O) = (buL(l) + V¢(1) =0,

Let ® =&+ 1. Then v = ® — ¢ and (&, P, (, ¢) satisfies

dlew — 0Oy f5(2 — Up)E — afi(z —0p)@
—bfa(z —9p)(P— &)+ A =0, z €(0,1),
10,y — afi(z = 0)6 — Ku(0, 05000 fo(2 — D)6+ AD = 0, z € (0,1),
d<a:a: + Ku(07 19b)b19bf2(z — ﬂb)(ﬁ + )\C =0, z € (07 1), (36)
dper +afi(z =)0+ Ap =0, x € (0,1),
51(0) = gl(l) + I/f(l) =0, (DJT(O) = (bl(l) + V(I)(l) =0,
G(0) = ¢(1) +vC(1) =0, 2(0) = ¢(1) +v3p(1) = 0.

It is easy to see that A is an eigenvalue of (36) if and only if A is an eigenvalue of
one of the following four operators:

d? d? d? d?

—d@ - be(Z - 7.9(;) + bﬁbfé(z - ’l9b)7 _d@, — @, —d@ — afl(z — 191))

subject to the homogeneous Robin boundary conditions: ¢,(0) = ¢,(1)+v¢(1) = 0.
Clearly, all eigenvalues of the operator fd% subject to the homogeneous Robin
boundary conditions: ¢,(0) = ¢, (1) +v¢(1) = 0 are larger than 0. By Lemma 2.2,
all eigenvalues of the operator L, = —d% —bfa(z — 9p) + b9y fi(z — 9) subject
to the homogeneous Robin boundary conditions: ¢,(0) = ¢,(1) + v¢(1) = 0 are
greater than 0. Meanwhile, it follows from Lemma A.1 that all eigenvalues of the
operator —d% —afi(z —9) are larger than 0 if a < 5\1, and it has an eigenvalue
less than 0 if a > A;. Therefore, (iii) holds. O

Remark 2. In Lemma 4.1, we only establish the stability of the semi-trivial so-
lution (S*,0,v*,p*) = (2 — 9,0,9,,0) when K(0,v) = 0. For the general case
of K(0,v) # 0, in view of Remark 1, we can show that the semi-trivial solution
(8*,0,v*,p*) is unstable if a > A1 by similar arguments as in Theorem 4.1. Howe-
ver, for a < 5\1, the stability of the semi-trivial solution (S*,0,v*,p*) remains open
although lots of numerical simulations strongly suggest that (S*,0,v*, p*) is stable.
In fact, for a < A1, we can prove that the linearized eigenvalue problem of (6)-(7) at
(S*,0,v*, p*) has no eigenvalues less than or equal to 0 (c.f. Lemma 2.5). However,
it is very difficult to figure out whether the linearized eigenvalue problem of (6)-(7)
at (S*,0,v*,p*) has an eigenvalue with real part less than 0 or not.

Next, we focus on positive solutions of (6)-(7). The main tool is the bifurca-
tion theorem[6, 26]. The main idea is to construct positive solutions of (6)-(7)
bifurcating from the semi-trivial solution branch I's by taking b > o; fixed and
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a as the bifurcation parameter. To this end, let x = z —S. Then the system
(6)-(7) is equivalent to (24). Moreover the change of variables maps the trivial
solution (S, u,v,p) = (2,0,0,0) of (6)-(7) to (x,u,v,p) = (0,0,0,0), and maps the
semi-trivial nonnegative solution branches I'; and I'y of (6)-(7) to the semi-trivial
nonnegative ones

I ={(a,04,04,0,0) : a > A1} and T, = {(a,z — S*,0,0*,p*) : a € Ry }.

Let X = W29(0,1) x W29(0,1) x W29(0,1) x W24(0,1) with ¢ > 1. Then
X < C10,1] x C1[0,1] x C1[0,1] x C*[0,1]. For a small € > 0, we define

Qe = {(,u,v,p) € X: —e< x <z, —€<u<maxf, + 1,

)

—e<v<max¥p+1,—e < p < max¥ + 1}.
[0,1] [0,1]

Then €. is an open connected subset of X. By Lemma 3.1, any nonnegative solution
(x,u,v,p) € Qc of (24). Moreover, Lemma 3.2 implies that the necessary conditions
for the existence of a positive solution of (6)-(7) are a > A1,b > o1, and there exists
some positive constant Ag such that a < Ag provided that b > o7 fixed. Hence, for
b > o fixed and A\ < a < Ay, there exists a positive constant M large enough such
that

M+afi(z—x)—cp>0 (37)

for all (x,u,v,p) € Q. and z € [0, 1].
Define T': Ry x Q. — X by

, ) aufi(z —x) +bvfao(z — x) + Mx
(. aufy(z = X) - cpu+ Mu
T(a;x,u,v,p) = <_ddx2+M> (1 — K(u,v))bvfa(z — x) + Mv ’
K(u,v)bvfo(z — x) + Mp
—1
where (—d% + M) is the inverse operator of —d% + M subject to the boun-
dary conditions u,(0) = u, (1) + vu(l) = 0. By standard elliptic regularity theory,
T:Ry x Q. — X is completely continuous. Let

G(CL, X5 Uy U,p) = (X? u, v7p)T - T(a7 X, U, ’U,p)~

Then G : Ry x Q. — X is C! smooth, and the zeros of G(a, x,u,v,p) = 0 with
0<x<20<u<6,0<v <0< p < correspond to the nonnegative
solutions of (24).

Let D(y,u,v,p)G(a, 2—5%,0,v", p*) be the Fréchet derivative of G (a, x, u, v, p) with
respect to (x,u,v,p) at (z—S*,0,v%,p*). Clearly, D(y 4 p)G(a,z— 5% 0,0, p*) is
a Fredholm operator, and Dy, y v p)G(a, 2z —S*,0,v*,p%)(&, ¢, 1), Q)T =0 gives

d&pz — bU* f5(S*)E + afi(S*)p + bf2(5*) =0, z € (0,1),
Aoy +afi(S*)p—cp*d =0, z€(0,1),
dpye + (1 — K(0,v*))bf2(S*)p — K, (0, v*)bv* fo(S*)y
—(1 = K(0,v))bv* f3(S*)§ — Ku(0,v*)bv* f2(S*)¢ = 0, z € (0,1),
A — K(0,v™)bv* f5(S*)E + K, (0,v*)bv* fo(S5*) ¢
+K(0,v*)bf2(S*) + K, (0,v*)bv* f(S*)p =0, x € (0,1),
£2(0) = &(1) +v€(1) =0, ¢.(0) = ¢.(1) +v¢(1) =0,
¥2(0) = ¥(1) + vip(1) =0, ((0) = (1) +v((1) = 0.
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If =0 on [0, 1], then (&,%, () satisfies (31) with A = 1. Recalling the operator

%
B £1(1) bf2(5)
B(1) := ( —(1— K(0,0*))bv* f3(S*)  La(1) >

is invertible, one can deduce that (£,%) = (0,0). It follows that ¢ = 0 on [0, 1].
That is, the operator

L1(1) bf2(S™) 0
B | (KO0 )bt fy(5Y) £2(1) 0,

—K(0,0)bo" f5(57)  K(0,07)bfa(5)+ Ko (0,07)b0" f2(57)  ds

is invertible. Hence ¢ # 0.

Take a = Aq, o= él, where A1, ¢; are the principal eigenvalue and eigenfunction
of (25) respectively. In view of the invertibility of the operator B, we can deduce
that the null space of Dy, 4 v p)G(a, 2z — S*,0,v%,p%) is

N(D(y,u,0.p)Gla, 2 —5%,0,0%,p")) = span{ (&1, <2>171/117 )}

where (£1,11, (1) is the unique solution to

B(£,9,0) = (—afi(S") b1, Ku(0,v7)bv" f5(S™) b1, =Ko (0,0")bv" f2(S)d1) . (38)
That is, dim N(D(y,y0,p)G(a, 2 — S*,0,v*,p*)) = 1.

Next, we determine the range of the operator D(X’u,v’p)G(;\l,z — 8*,0,0*, p*).
To this end, suppose that (x,u,v,p) € R(D(X,uﬂ,,p)G(j\l,z — §*,0,v*,p*)), which

is the range of the operator D(X»um,p)G(S‘le — 5*,0,v*,p*). Then there exists
(&,¢,1,¢) € X such that

D(x,u,v,p)G(le %= 5*7 Oa U*7p*)(€a (ba 7% C)T = (X) u, U7p)T'

Direct computation leads to

bz = b0” f5(S™)E + M f1(S™)d + bf2(S) = dxaw — Mx, € (0,1),

bz + A1 f1(S*) = cp* ¢ = dug, — Mu, € (0,1),

Aoz + (1 = K(0,07))bf2(S™)1h — Ko (0,07)bv" f2(S*)¢ — (1 — K(0,07))bv" f5(S)¢
— K, (0,v")v* f2(5™)¢ = dvg, — M, x € (0,1),

G — K (0,0°)bv" f3(S)E + Ko (0,07 )bv" fo(S™)o (39)
+ K(0,0")bf2(5")¢ + Ky(0,0")bv" fo(S™)¢h = dpye — Mp, = € (0,1),

€2(0) = & (1) +v€(1) =0, ¢4(0) = ¢ (1) +va(1) =0,

Ve (0) = ¥2(1) + (1) =0, G(0) = Gu(1) +v¢(1) = 0.

Note that qgl satisfies

—d($1)ax + cp" 1 = M f1(S%)d1, 2 € (0,1), (61)2(0) = (¢1)=(1) + v (1) = 0.

Multiplying this equation by ¢ and the second equation of (39) by ¢21, and integra-
ting over (0, 1) by parts, we get

1
/ [M + 5\1f1(3*) — cp*}é)ludx =0.
0
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The invertibility of the operator B implies that the range of D(X,uﬂ,,p)G(j\l,zf
S*,0,v*,p*) is

R(D(X,u,v,p)G(j\lv z — S*, O, ’U*,p*))

1
={(x,u,v,p) € X: / [M + A1 f1(S™) — ep*]prudz = 0}.
0
What’s more,

Di(Xvuvp)G<5\1’z_S*’O7U*7p*)(§1a(£lawlacl)—r
2 ~ A~
(M8 1(87)31,0,0)

By virtue of (—dm + M)~Y(f1(S*)$1) > 0 and (37), we have

2

_/0 [M‘*‘S\lfl(S*)—Cp*]le( d%‘FM) (fl(S*)le)dx<0~

Hence,

Di(Xm,U,p)G(;‘la ZiS*v Oa U*ap*)(flv qgh wh Cl)T ¢ R(D(Xvuavvp)G(S\l’ 275*7 O’ U*7p*))'
Let
Z :R(D(X,u,v,p)G(S‘la Z — 5*7 O7 U*7p*))

1
:{(X,u,’l}7p) €eX: ~/O [M + lel(S*) - Cp*]ggl'lf/dx = 0}-

Then span{(&1, 1, ¥1,¢1)} @ Z = X. Now, we are ready to apply the bifurcation
theorem from a simple eigenvalue (see Theorem 1.7 in [6] or Theorem 4.3 in [26]).
It follows that there exists a 7o > 0 and C! curve (a(7),Q(7), ®(7), ¥ (1), P(7)) :
(—70,70) > (—00,4+00) X Z such that

(i) a(0) = A1,

(il) Q(0) = 0,®(0) = 0, ¥(0) =0, P(0) = 0,

(iil) G(a(7), x(7),u(r),v(r),p(7)) = 0 for |7'\ < 79,
where x(7) = 2= S* +7(&1+Q(7)), u(T) = T(d1+B(7)), v(7) = v* +7(¢r + ¥(7)),
p(t) = p* + 7(¢1 + 7P(7)) with |7| < 7. Namely, (x(7),u(r),v(7),p(7)) is the
solution of the system (24) with ¢ = a(7). Let S(7) = z—x(7). Then the bifurcation
branch

= {(a(T)v S(T)vu(T)’U(T)ap(T)) 1T E (Oa TO)}
is exactly the positive solution branch of the system (6)-(7). That is, we have the
following local bifurcation result.

Lemma 4.2. Suppose (H1) — (H3) hold and b > oy fized. Then the positive soluti-
ons of (6)—(7) bifurcate from the semitrivial solution branchT's = {(a, S*,0,v*,p*) :
a € Ry} if and only if a = A1, and the set of positive solutions to (6) — (7) near
(A1, 8*,0,v*,p*) is a smooth curve

I = {(a(7),S(1),u(r),v(7),p(1)) : T € (0,70)}
for some 19 > 0, where S(1) = S* — 7(& + Q(7)), u(r) = 7(d1 + ,
v*+7(p1+9(7)) and p(1) = p*+7(G+7P(7)) with |7] < 9. a(7),Q(7), ®(7), ¥(T

and P(T) are smooth functions with respect to T, which satisfy a(0) = 5\1,Q(0) =
0,9(0) =0,%(0) =0,P(0) =0 and (Q(7),®(7),¥ (), P(7)) € Z.
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Next, we extend the local bifurcation IV to the global one by the global bifurcation
results for Fredholm operators (see Theorems 4.3-4.4 in [26]). Noting that T : Ry x
Q. — X is C! smooth and compact, we can conclude that the Fréchet derivative
D(y,u,v,»G(a, X, u, v, p) is Fredholm with index zero for any (a, x,u,v,p) € Ry x Q.
Now we can apply Theorem 4.3 in [26] to obtain a connected component Y of the
set

{(a,x,u,v,p) € Ry x Qc : G(a, x,u,v,p) =0, (x,u,v,p) # (2 — S*,0,v",p")}

emanating from T at (5\1,2 — §*,0,v*,p*). Moreover, either T is not compact
in Ry x Q¢ or T contains a point (a,z — S*,0,v*,p*) with a # M. Set YT =
{(a,S,u,v,p) : S = z — x, and (a,x,u,v,p) € T}. Then I C YT/. Let X, =
{(S,u,v,p) € C0,1] x C0,1] x C*[0,1] x C1[0,1] : S > 0,u > 0,v > 0,p >
0 on [0,1]}. Then T/ N (R4 x Xp) # 0.

Let ' = Y N (R4 x Xp). Then I' consists of the local positive solution branch I
near the bifurcation point (:\17 S* 0,v*,p*). Let YT be the connected component
of Y\{(a(7),S(7),u(r),v(),p(1)) : T € (—70,0)}. Then T' C Y*. It follows from
Theorem 4.4 in [26] that T satisfies one of the following alternatives

(i) it is not compact;

(ii) it contains a point (@, S*,0,v*,p*) with a # i

(iii) it contains a point (a,S* + S, u,v* + v,p* + p), where (S,u,v,p) # 0 and
(S,u,v,p) € Z.

Theorem 4.3. Suppose (H1) — (H3) hold and b > o1 fized. Then there exists a
continuum of positive solutions to (6)-(7), denoted by I' = {(a, S,u,v,p)} C Ry X
Xy, which bifurcates from the semi-trivial solution branch T's = {(a, S*,0,v*, p*) :
a€RL} at (5\1, S*.0,v*,p*), and meets the other semi-trivial solution branch I'y =
{(a,2 — 04,0,,0,0) : a > M} at (a,z — 03,05,0,0). In particular, (6)-(7) has a
positive solution (S,u,v,p) if a lies between M and @. Here a is determined by
b=oa1(a).

Proof. For any (a,S,u,v,p) € I, we have u > 0 on [0, 1]. Hence, fol [M+5\1f1 (S*)—
cp*]q@ludx > 0, a contradiction to (S,u,v,p) € Z. Thus (iii) is impossible. Suppose
(ii) holds. Then we can find a sequence of points (an, Sy, tn, Vn, pn) C TN(R L xXp),
which converges to (a, S*,0,v*,p*) in Ry x Xy. It follows from the equation for u,,,
we have a, = A1 (cpn, f1(Sn)). Letting n — oo, we get @ = A (cp*, f1(S*)) = A1
Thus (ii) can not occur.

By Lemmas 3.1-3.2, any nonnegative solution of (6)-(7) with u £ 0,v 0, p#£0
satisfies

0<S5<2,0<u<b,0<v <, 0<p<dy,

and there exists some positive constant Ay such that \;y < a < Ag when b > o3
fixed. By LP estimates and Sobolev embedding theorems, we can deduce that
I1Sllcs llullor, [[v]lery |Ipl|cr are bounded. Hence, for b > o7 fixed, I' is bounded in
R, x Xg. Thus (i) implies that T'N (R x 8X¢) contains a point (a, S, u, v, p) other
than (;\1, S*,0,v*,p*). That is, there exists (@, S, u,v,p) € {T' — (5\1, S*,0,v*,p*) N
(R4 x 0Xp) which is the limit of a sequence

(an7Snaun7Unvpn) crn (R—i- X XO)asn > O,Un > O,Un > O,pn >0 on [Oa 1]

Clearly, Ay < a < Ag. It follows from the maximum principle that S >0on [0, 1].
Hence (a, S,u,,p) € Ry x 0Xo means either (i) @ > 0,4(xg) = 0 for some point
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xo € 10,1] or (ii) ¥ > 0,9(z) = 0 for some point z¢ € [0, 1] or (iii) p > 0,p(zg) =0
for some point z € [O 1]. Note that @ satisfies

ity + cpii = anfy(5), z € (0, ) < ) = (1) + va(1) = 0.
By the maximum principle, we have u = tu(xog) = 0 for some point zy €
[0,1]. Similarly, we can show o = 0, p = 0 for the other two cases. There-
fore, we have the following alternatives (i)(S,u,v,p) = (z,0,0,0); (ii)(S,@,v,p) =
(8*,0,v*,p*); (iii)(S,u,v,p) = (2 — ea,ea,o 0).

Suppose (S,u,v,p) = (2,0,0,0). Then the sequence (a,, Sy, Un, Vn, Dn) satisfies
an = @, (S, Un, Un,Pn) — (2,0,0,0) in X as n — oo. It follows from the equation
for v, we have b = A1(0, (1 — K (un,v,))f2(Sn)) = A(0, f2(2)) = 01 as n — oo.
Namely, b = 01, a contradiction.

Suppose (S,4,v,p) = (5*,0,v*,p*). Then the sequence (a,,Sn,Un,Vn,Pn) Sa-
tisfies that a, — a, (Sp,Un,Vn,Dn) — (5*,0,0*,p*) in X as n — oco. It follows
from the equation for Un, We have a,, = Al(cpn,fl( n)). Letting n — oo, we get
a = A (ep*, f1(S*)) = )\1, a contradiction to @ # A

Thus the remaining possibility is (S, %, 7, p) = (2—04, 04,0,0). Then the sequence

(an7 Sna Un, Umpn) — (C_Lv z = 067 067 Oa 0)
in Ry x X as n — oo. It follows from the equation for v,,, we have
b= X0, (1= K(u, v)) f2(S))
= A1(0, (1 = K(65,0)) f2(z — 0a)) = M((1 = K(0a,0)) f2(z — 0a)) = 61(a)
as n — co. Note that the function &1(a) depends continuously on the parameter a
on [A1,+00) with liH)\l 61(a) = o1 and EIE &1(a) = 4o00. Hence, for b > o fixed,
a— A1 a 0o

O

there exists a @ € (A1, 4+00) such that b = 51(a). O

Remark 3. Suppose (H1) — (H3) hold and K, (u,v) > 0 for u,v > 0. By Lemma
3.3, the eigenvalue 1 (a) is continuous and strictly increasing on [A1, +00) with

lin;\l G1(a) = o1 and lim 61(a) = +oo. Hence, for b > oy fixed, there exists a
a—

unique a € (/\1, +00) such that b= 61(a). Thus, (6)-(7) has a positive solution if a
lies between A; and a.

Next, we turn to investigate the direction and stability of the bifurcation solu-
tion IV near the bifurcation point. To this end, substituting the local bifurcation
solution (a(7),S(7),u(r),v(r),p(T)) with 7 € (0,79) into the second equation of
(6), differentiating with respect to 7 at 7 = 0, where S(7) = S* — 7(&1 + Q(7)),
u(t) = 7(¢1+ O(7)), v() = v" + 7(¢1 + ¥(7)) and p(7) = p* + 7(¢1 + 7P(7)), we
have

dD(0)z +(0)$1 f1(5™) + M8 (0) f1(57) ~ Aadr f1(5™)61 —ep* @ (0) —cCrhr = 0, (40)
where ®(0), a(0) are the derivative of ®(7), a(r
vely. Note that

) with respect to 7 at 7 = 0 respecti-

dgqgl)mm + lel(S*)qgl 7Acp*¢gl = 07 T € (03 1)’
(01)2(0) = (¢1)=(1) +vo1(1) =

Multiplying the equation (40) by $1 and the equation (41) by <i>(0), and integrating
over (0,1) by parts, we obtain

1 1 1
0) /0 F1(87)F2de = & /0 (S Beda + ¢ /0 Fde.

(41)



A MODEL WITH ALLOCATED TOXIN PRODUCTION 1397

Here (&1,%1, (1) is the unique solution to (38). Since it is hard to determine the sign
of &1,(1, we cannot determine the direction and stability of the local bifurcation
solution I near the bifurcation point. However, if K(0,v) = 0, then the semi-
trivial solution (S*,0,v*,p*) = (22—, 0,9, 0), and the semi-trivial solution branch
Iy = {(a,5*,0,0*,p*) : a € R} becomes I'y = {(a,z — 9,0,9,0) : a € Ry}
What’s more, K, (0,9;) = 0. It follows from (38) that

_d(gl)ww = Ku(oaﬁb)bﬁbf2(z_19b)§£lv YIS (0’ 1)) (Cl)w(o) = (Cl)I(1)+V<1(1) = 0.

By the strong maximum principle, we have {; > 0 provided that K,(0,9,) >
0. Hence, we have the following result on the direction and stability of the local
bifurcation solution IV near the bifurcation point.

Theorem 4.4. Suppose (H1) — (H3) hold, K(0,v) =0, K,(0,v) > 0 for v > 0.
Let b > o1 fized. Then there ezists a positive constant C' large enough such that for
¢ > C, the positive solution branch TV of (6)-(7) is to the right, and it is stable.

Proof. Clearly, ¢(; > 0, and

1 1 1
a(0) / fi(z — 9p)d3dx = A, / filz — 0y FRerdz + ¢ / FBode. (42)

under the hypotheses (H1) — (H3) and K(0,v) = 0, K,(0,v) > 0. Hence, there
exists a positive constant C' large enough such that for ¢ > C, we have a(0) > 0,
which implies that the positive solution branch T of (6)-(7) is to the right when
¢ > C. That is, there exists 6 > 0 sufficiently small such that a(7) > 0 with
0< 1<l

Next, we study the linearized stability of positive solutions lying on the bifur-
cation branch I". Let L(a(7),S(7),u(r),v(r),p(r)) be the linearized operator of
(6)-(7) at (a(r),S(7),u(r),v(7),p(7)). By the application of Corollary 1.13 in [7],
there exist C'! functions a — (u(a),R(a)), 7 — (n(7), (7)) defined on the neighbor-
hoods of A; and 0 into R x X respectively, such that

(M(Xl)v N(;\l)) = (05 517 éh (4 Cl) = (77(0)7 h(o))
and on these neighborhoods
L(a,z —9,0,0,0)R(a) + p(a)R(a) =0 for |a — \i| < 1,
L(a(), S(7),u(7),v(7), p(7))(7) + 0(T)A(7) =0 for |7] < 1.
It follows from Theorem 1.16 in [7] that n(T) ~ —7ra(r)u(A;) for 0 < 7 < 6.

Meanwhile, similar arguments as in Theorem 4.1(iii) indicate that p(a) is a simple
eigenvalue of

APz + CLfl(Z - 'L9b)(775 + ,LL(CL)(Z5 =0, z¢€ (07 1)7 d’z(o) - ¢z(1) + V¢(1) =0.
and the derivative fi(A;) < 0 by Lemma A.1. Thus 7(r) > 0, which implies that

the positive solution branch I' of (6)-(7) is stable when ¢ > C. O
Remark 4. Take K(u,v) = 5754 (see [5]) and the parameters o, 8 > 0 such

that 0 < K(u,v) < 1. Then the hypotheses (H1) — (H3) hold, and K(0,v) = 0,
Ky (u,v) = % > 0 for u,v > 0. Hence, it follows from Theorems 4.3-4.4 and
Remark 3 that for b > oy fixed,

(i) there exists a continuum of positive solutions to (6)-(7), denoted by I' =
{(a, S,u,v,p)} C Xo, which bifurcates from the semi-trivial solution branch
Iy = {(a,z — %,0,%,0) : a € Ry} at (A,z2 — U5,0,9,0), and meets the
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other semi-trivial solution branch I'y = {(a,z — 0,,6,,0,0) : a > A} at
(@,z—03,05,0,0), where a is uniquely determined by b = 61(a). In particular,
(6)-(7) has a positive solution if a lies between A; and a.

(ii) there exists a positive constant C' large enough such that for ¢ > C, the
positive solution branch TV of (6)-(7) is to the right, and it is stable.

In [18], the unstirred chemostat model with constant toxin production (that is,
K(u,v) = Kp(constant)) has been studied. The results show that when the pa-
rameter ¢, which measures the effect of toxins, is large enough, the model only
has unstable positive solutions. Moreover, the species v always lose the competi-
tion. However, it follows from Theorem 4.4 that the unstirred chemostat model
with dynamically allocated toxin production possesses stable positive solutions(i.e.
coexistence solutions). From the biological point of view, dynamically allocated
toxin production has a positive effect on coexistence of species.

5. Numerical simulations and discussion. In this section, we present some
results of our numerical simulations performed with Matlab, which complement the
analytic results of the previous sections.

As [5], we consider two special cases that represent the extremes for reasonable

functions
av

K(U,U) = m, (43)
K(u,v) = Fruto _:Zt_i_ o (44)

where «, 8 are positive constants and chosen so that 0 < K (u,v) < 1 for u,v > 0.
(43) is monotone increasing in v while (44) is monotone increasing in u. These reflect
two opposite strategies. For (43), if v is large, it devotes more of its resources to
producing the toxin, which guards against invasion. For (44), if u is large, v increases
the toxin production since it is already losing the competition and facing extinction,
which is a desperation strategy. The advantage of this strategy is that if there is
no competition, no resource is wasted on toxin production.

The numerical simulations show that a wide variety of dynamical behaviors can
be achieved for the system with dynamically allocated toxin production, including
competition exclusion, bistable attractors, stable positive equilibria and stable limit
cycles. The most interesting numerical results are stable positive equilibria and sta-
ble limit cycles, which cannot occur in the system with constant toxin production.
Stable positive equilibria and limit cycles provide coexistence, which suggest a pos-
sible mechanism to explain coexistence phenomena. In all of our figures except
Figure 4(c)(d), the L1 norms of the solutions (S(-,t),u(-,t),v(-,t),p(-, 1)) to (4)-(5)
are plotted versus the temporal variable. In Figure 4(c)(d), two positive equilibria
of (4)-(5) are plotted versus the spatial variable.

5.1. Numerical results with K(u,v) = R At first, we choose the basic

parameters of the species to be a = 1.17,b = 1.17,k; = 0.017,ky = 0.025 and
v = 0.6. Namely, we assume that u is the better competitor in the absence of
toxins. Taking the parameters d = 0.1, = 0.2, 8 = 0.01, and varying the parameter
values of ¢, we observe competitive exclusion independent of initial conditions and
competitive exclusion that depends on initial conditions (bistability).

More precisely, for small ¢, the species u can competitively exclude the species
v independent of initial conditions (see Figure 1(a)). Increasing the parameter
¢, bistability occurs and either species u or species v is competitively excluded
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FIGURE 1. We further fix d = 0.1, = 0.2, 8 = 0.01, and observe
the effects of the parameter ¢: bi-stability is observed in (b)(c) when
the parameter ¢ = 0.1; competitive exclusion occurs in (a)(d) when
c = 0.05,0.2 respectively.

depending on their initial conditions (see Figure 1(b)(c)). Increasing c eventually
causes the species v can competitively exclude the species u independent of initial
conditions (see Figure 1(d)). Biologically speaking, the numerical results show that
toxins can help the weaker competitor to win in the competition.

Secondly, we assume that v is the better competitor in the absence of toxins and
take the basic parameters of the species tobe a = 1.17,0 = 1.17, k1 = 1.7, ko = 0.025
and v = 0.6. Taking the parameters « = 0.8, 5 = 0.001,¢c = 0.2, and varying the
diffusion rate d, we observe competitive exclusion independent of initial conditions,
stable positive equilibria and stable limit cycles.

More precisely, for small d, the species v can competitively exclude the species u
independent of initial conditions (see Figure 2(a)). Increasing the diffusion rate d
can destabilize the system and cause it to switch to a stable limit cycle. Moreover,
the amplitude decreases when d increases(see Figure 2(b)(c)(d)). If one continues to
increase the diffusion rate d, the system generates a stable positive equilibrium (see
Figure 2(e)). Stable positive equilibria and stable limit cycles provide coexistence,
which can be called diffusion-driven coexistence. Increasing d eventually causes
the system to converge to the washout solution. That is, all species including two
competitors u, v and the toxin p go to zero eventually (see Figure 2(f)). As men-
tioned before, diffusion-driven coexistence can not occur when K (u,v) is constant.
Hence our numerical results imply that dynamically allocated toxin production is
sufficiently effective in the occurrence of coexisting.
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FIGURE 2. We further fix « = 0.8, = 0.001,¢c = 0.2, take the
diffusion rates d = 0.4,0.6,0.65,0.7,0.9,1.5 in (a)-(f), and observe
the effects of the diffusion rate d: (a) competition exclusion, (b)-(d)
stable limit cycles, (e) stable positive equilibrium, (f) washout so-
lution.

5.2. Numerical results with K(u,v) = 55 . The basic assumption continues
that u is the better competitor in the absence of toxins. Thus we take the basic
parameters of the species to be a = 1.1,0 = 1.1, k; = 0.0567, k2 = 0.06 and v = 0.6.
Taking the parameters d = 0.1, = 0.2, 8 = 1, and varying the parameter values of
¢, we observe competitive exclusion, bistable attractors and coexistence in the form
of stable equilibria.

More precisely, for small ¢, the species u can competitively exclude the species
v independent of initial conditions (see Figure 3(a)). Increasing the parameter
¢, bistable attractors occur (see Figure 4(a)(b)). In this case, two positive equi-
libria appear, one stable and the other unstable(see Figure 4(c)(d)). The stable
positive equilibrium and the semitrivial solution (z — 6,,6,,0,0) are the bistable
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FIGURE 3. We further fix d = 0.1, = 0.2,8 = 1, and observe
the effects of the parameter c: coexistence in the form of equilibria
is observed in (b)(c) when ¢ = 0.2,0.3 respectively; competitive
exclusion occurs in (a)(d) when ¢ = 0.01, 0.6 respectively.

attractors and the result of the competition is determined by the initial conditi-
ons. If one continues to increase the parameter ¢, coexistence is observed in the
form of equilibria(see Figure 3(b)(c)). Increasing ¢ eventually causes the species v
can competitively exclude the species u independent of initial conditions (see Fi-
gure 3(d)). Biologically speaking, the numerical results indicate that dynamically
allocated toxin production is sufficiently effective in the occurrence of coexisting,
and toxins can help the weaker competitor to win in the competition.
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Appendix. We state some well-known lemmas as appendix without proof, which
is useful for obtaining the main results in this paper.
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FicURE 4. Taking d = 0.1, = 0.2, 8 = 1, and ¢ = 0.1, bistable
attractors occur, which are plotted in (a) and (b). Moreover, two
positive equilibria appear (see (c) and (d)).

Lemma A.1 ([4]). Assume that c(x),q(z) € C(Q), and c(x) > 0,q(x) >0 on Q in
the eigenvalue problem

—Ap +c(x)p = N(x)p, x€Q, g—i +y(x)p =0, z€0Q, (A.1)

where y(z) € C(0) and y(x) > 0. Then all eigenvalues of (A.1) can be listed in
order

0< A1(C7q) < A2(67(]) S )‘3(C7q) S s — 00,

and

Vol + ?)dz + d
(o) — ing Jal Il ) + o 2 (0) s
@ Jo a(x)p?dx
is a simple eigenvalue with the associated eigenfunction o1 > 0 on Q, which is called

the principal eigenvalue. Moreover, A\;(c,q)(i = 1,2,---) is continuous with respect
to ¢ and q, and the following comparison principles hold:

(i) Ni(c1,q) < Ni(ea,q) if e1 < ca on Q and the strict inequality holds if ¢; # ca,
(i) Ni(e,q1) > Ni(e,q2) if @1 < g2 on Q and the strict inequality holds if q1 # qa.
In particular, we denote A;(0,q(x)) = Xi(q).

Lemma A.2 ([29]). Let Q be a bounded domain in R"™ with boundary surface
90 € C?T7, q(x) € C(Q2) and P be a positive constant such that P — q(z) > 0 on
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Q. Let M\ (q(x)) be the principal eigenvalue of the eigenvalue problem

- _Zle(az‘j(x)DM) +a(@)p=Ap, z€Q,
i,j=
> aij(x)Dipcos(n, ;) +b(x)p =0, x € 09,
ig=1
where a;j(x) € C1(Q),b(z) € C(99Q), b(z) > 0, and n is the outward unit normal
vector on 0S). Then the following conclusions hold
(i) if M (g(z)) < O then the spectral radius r[(P—Dj(a;;(z)D;)) " (P—q(z))] > 1;
(ii) if M (q(z)) > O then the spectral radius r[(P—D;(a;j(x)D;)) "1 (P—q(z))] < 1;
(iii) of M(g(x)) = 0 then the spectral radius r[(P—D,(a;;(z)D;)) " (P —q(z))] = 1.
[

Lemma A.3 ([8, 9]). Let F: W — W be a compact, continuously differentiable
operator, W be a cone in the Banach space E with zero ©. Suppose that W — W
is dense in E and that © € W is a fized point of F and Ay = F'(©). Then the
following results hold:

(i) index(F,©,W) = 1 if the spectral radius r(Ap) < 1;

(i) index(F,0,W) = 0 if Ao has eigenvalue greater than 1 and © is an isolated

solution of x = F(x), that is h # Agh if h € W — ©.

Here index(F,©, W) is the index of the compact operator F' at © in the cone W.

Lemma A.4 ([8, 9, 10]). Let Ey and E2 be ordered Banach spaces with positive
cones W1 and Ws, respectively. Let E = E1 X Es and W = Wy x Wy. Then E is an
ordered Banach space with positive cone W. Let Q) be an open set in W containing
0 and A; : Q — W; be completely continuous operators, i = 1,2. Denote by (u,v)
a general element in W with w € Wy and v € Wo, and define A : Q — W by
A(u,v) = (A1(u,v), Az(u,v)). Let Wa(e) = {v € Wa : ||v||g, < €}. Suppose U C
W1NQ is relatively open and bounded, and A (u,0) # u foru € OU, As(u,0) = 0 for
u € U. Suppose Ay : Q — Wy extends to a continuously differentiable mapping of a
neighborhood of Q into Eo, Wo—Wo is dense in Ey and T ={u € U : u = A;(u,0)}.
Then the following conclusions are true:

(i) degw (I — A,U x Wa(e),0) =0 for e > 0 small, if for any w € T, the spectral
radius (A5 (u,0)|w,) > 1 and 1 is not an eigenvalue of Ab(u,0)|w, correspon-
ding to a positive eigenvector.

(i) degw (I — A, U x Wa(e),0) = degw, (I — A1|lw,,U,0) for e > 0 small, if for
any u € T, the spectral radius r(A4(u, 0)|w, < 1.
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